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ABSTRACT 

We build the constraint that all electrons are in the lowest Landau level 
into the Chern-Simons field theory approach for the fractional quantum 
Hall system. We show that the constraint can be transmitted from one 
hierarchical state to the next. As a result, we derive in generic the equa- 
tions of the fractionally charged vortices ( quasi-particles ) for arbitrary 
hierarchy filling. For a finite system, we show that the action for each 
hierarchical state can be divided into two parts: the surface part pro- 
vides the action for the edge excitations while the remaining bulk part 
is exactly the action for the next hierarchical states. In particular, we 
not only show that the surface action for the edge excitations would be 
decoupled from the bulk at each hierarchy filling, but also derive the ex- 
plicit expressions analytically for the drift velocities of the hierarchical 
edge excitations. 
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I Introduction 

The discovery of the fractional quantum Hall effect (FQHE) [1] has stimulated 
extensive studies on the two dimensional quantum many-electron system in a strong 
magnetic field. A considerable progress [2] has been made in understanding for 
the FQHE following upon the seminal paper of Laughlin's [3]. The description of 
incompressible fluid states of two dimensional electron system in a magnetic field 
has provided a key element for such understandings [2, 3]. The analogue of electrons 
and holes with the fractional charge in a new type of many body condensates leads 
to a natural interpretation for the hierarchy scheme of the FQHE [4]. On the other 
hand, motivated by the analogies between the FQHE and the superfluidity [5] as 
well as the existence of large ring exchanges on a large length scale [6], Girvin 
and MacDonald [7] raised a subtle question whether there is an off-diagonal long 
range order (ODLRO) in the FQHE ground state. They also notice that such a 
ODLRO might not have the same physics in the usual sense. By introducing a 
2+1 dimensional bosonization transformation, they did find a sort of the ODLRO 
for the bosonized Laughlin wave functions [7,8]. Such an observation gives rise an 
interesting quasi-particle picture that of a charged electron in the presence of a 
point "vortex-tube" [9]. Since then on a vast number of works appeared for the 
field theoretical realization of the fractional quantum statistics and the effective 
field theory description for the FQH system. Among others, the Ginzburg-Landau 
Chern-Simons approach (GLCS) [10,11,12] successfully interpretes a variety of the 
properties for the FQH system from an ab intio point of view. The chiral Luttinger 
liquid approach [13,14,15] for the edge excitations [16] exhibits a deep insight for 
such an interesting system. And the topological order approach for the long wave 
length behavior of the quantum Hall fluid [17] interpretes a novel sort of the order 
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which is not associated with broken symmetries but topological in nature, and it can 
be characterized by a series of quantum numbers. Furthermore, the C-S field theory 
approach for the FQHE can be also formulated in the fermionic picture which also 
interpretes various properties for the FQH system [18]. 

Despite the successes for the various effective field theory approaches, we still 
have the following questions: (i) whether one should build in the constraints that 
all the electrons are in the lowest Landau level (LLL) from the very beginning of 
these approaches. As we have seen in [10,11], the "trivial Gaussian fluctuation" in 
the GLCS approach arises actually from the inter-Landau level degrees of freedom. 
From a more basic point of view, it is known that the FQH system is essentially a 
1 + 1 dimensional system. The one dimensional nature of the FQH system should 
be a direct consequence of the LLL constraint, (ii) Moreover, different from those 
" conventional " vortices, which have their effective mass depending on the mass of 
the constituting particles, we expect that the explicitly built LLL constraint may 
play a crucial role for introducing a proper description for the massless vortices in 
the hierarchical FQH system in the context of C-S field-theoretical approach, (iii) 
A complete C-S field-theoretical approach for the FQH should not apply only to 
an infinite FQH system but also to a finite system. Since the propagation of the " 
rippling wave " along the boundary for a finite FQH system is essentially induced by 
the vortices on the boundary, therefore, if we could have a correct as well as unified 
description for the vortices in the FQH system, it is natural to raise the question 
whether we could have a description for a finite FQH system in which the action for 
the edge excitations could be derived branch by branch from the bulk actions for 
the corresponding hierarchical states successively. And whether the constraint for 
the LLL would play a non-trivial role again in such a " unified " description. 
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Motivated by the above arguments, in this paper, we succeed in building ex- 
plicitly the LLL constraint into the C-S field-theoretical description for the FQH 
system and show that both the action and the constraint can be transmitted from 
one hierarchical state to the next. As its primary consequence, besides the quantiza- 
tion conditions for the FQHE states as well as the corresponding hierarchy scheme 
[4] can be deduced as usual, the equations for the fractionally charged vortices for 
any of these hierarchical levels can be derived in generic without any mass scale 
dependent coefficient. It also does not depend on whether the FQHE has a BCS 
type of the symmetry breaking [12]. We can calculate accordingly the quasi-particle 
energy without difficulty For a finite FQH system, by applying a careful treatment 
of the partial integrations to the actions, we show that the action for each hierar- 
chical state can be split into two parts: a surface part provides the action of the 
edge excitations and the remaining bulk part is exactly the action for the next hi- 
erarchical states. In particular, the surface action for the edge excitations could be 
decoupled from the bulk only at each hierarchy filling. Moreover, for the n-th FQH 
hierarchical states, we derive analytically the expressions for the drift velocities for 
all the n branches of edge excitations which are different with each other and might 
be checked in certain properly designed experiments. To our knowledge, this might 
be a first time derivation for the hierarchical expressions for such drift velocities of 
the edge excitations. We thus provide a full dynamical description for both infinite 
and finite hierarchical FQH systems. This approach provides also a field theoretical 
background for the description of the vortices in the FQH system ( quasi-particles 
) which can have only zero effective mass [19]. 

Our treatment, in certain sense, is based upon the Dirac quantization procedure 
[20] proceeded in the first quantization representation. It provides a sound back- 
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ground for the treatment for systems with constraints i.e., what we have here is the 
constraint for the LLL. If we restrict ourselves only for the first hierarchical level: the 
C-S field theory for the bosonized electrons, we may have almost the same results as 
those we derived in the following without the application of the Dirac quantization 
method. But it turns out that such a quantization procedure provides a unified 
highlight as well as a practically applicable method for the massless vortices of all 
the hierarchical states, which are, in fact, produced as the singular world lines of 
the phase variables of the wave fields hierarchically. 

We would try to present our discussions as transparent as possible with all those 
detail derivations being properly included. On the meanwhile, we would like to 
expose all the details of our approaches if there is anything inappropriate even 
mistaken. 

In section II we would treat the constraint for the LLL along the Dirac algorithm 
[20] and build it [21,22] into the dynamical description for the FQH system. Then 
we apply the bosonization to the fermion field which makes the bosonized electrons 
behave as the singular vortices controlled by the C-S gauge field. We obtain a com- 
plete path-integral description of the FQH system in the context of 2+1 dimensional 
C-S field theory, in which the projection to the LLL being carefully considered. In 
section III, by introducing the generatized p ( particle density)-^ (phase variable 
conjugate to the particle density) representation [10, 11, 21] for the Z-generating 
functional, we show that the constraint for the LLL plays a crucial role in the de- 
scription for the quasi-particles and, as a result, we provide a generic description for 
the quasi-particles of the FQH system which applies to all hierarchical states. 

Section IV is devoted specially to the finite FQH system which in fact constitutes 
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one of the main chapters of this paper while sections II and III might be understood, 
in certain sense, as the stepping stones for this and the following sections. In this 
section, after introducing certain proper description for the boundary of a finite two 
dimensional FQH system, we present a unified treatment for the surface as well as 
the bulk degrees of freedom and derive the action for the edge excitations from the 
bulk with both actions being fixed dynamically. It is interesting to realize that the 
constraint equation once again plays an essential role even in the derivation for the 
surface actions. 

Section V actually completes our approach by showing that it really works for 
one hierarchical level to the next. We derive successively the bulk actions, the equa- 
tions for the vortices and edge excitations for the next hierarchical level in detail. 
Right on the filling of the second hierarchical level, we show there are two coexisting 
branches of edge excitations which couple to each other but decouple from the bulk 
system. We distinguish further two limiting cases: the "strong coupling" limit at 
which the two branches of edge waves couple to each other strongly and the "weak 
coupling" limit at which these two branches are further decoupled. Base upon these 
discussions, we might conclude that this formalism really provides a hierarchical de- 
scription for the finite FQH system. In particular, we derive the explicit expressions 
for the propagation velocities of the edge excitations hierarchically, which should 
satisfy a sum rule with interesting physical consequence. 

The Appendix A concerns the crucial gauge invariant properties for a finite FQH 
system in the context of C-S gauge field approach, while the Appendix B deals with 
the decoupling of branches of edge waves in the weak coupling limit. 

All our calculations are given in the nonrelativistic framework. 
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II The FQH System As A Dynamical System With The 
Second Class Constraint 

We consider a two dimensional N-electron system subjected to a strong perpen- 
dicular magnetic field B while all the electrons being in the lowest Landau level. 
The Lagrangian for the system has the expression as [6] 

C = ~^i i . A(r 4 (f)) - £ V{v t - v s ) (2 - 1) 

i i<j 

where r^t) is the two dimensional coordinate for the i-th electron with i — 1, • • • , N, 
Ti(t) = dri(t)/dt, A(rj(t)) is the vector potential for the uniform applied magnetic 
field y x A = B and V(rj — rj) is the interaction between electrons. Throughout 
this paper, we shall take the axial gauge as A = ( —By/2, Bx/2, ) and the 
convention that electron's charge equals to — e for convenience. Different from those 
ordinary system, the kinetic energy term, which usually has a bilinear form of the 
r(i)'s, is absent in eq. (2-1). Consequently, the canonical momentum conjugating 
to Yf dC/dii = — (e/c)A, would be independent of rj(i)'s. Following the Dirac's 
algorithm [20], it can be shown that we now have the second class constraint as 

Ui = Pl + -Ai ^0 (2-2) 

c 

where ~ indicates Dirac's weak equality [20], and then the N-electron Hamiltonian 
for the system takes the form as 

n = J2V(r l -r J ) (2-3) 

i<j 

Moreover, the canonical quantization for a system with constraints could be accom- 
plished by the correspondence principle as: to replace the Dirac bracket {,}d of 
any couple of dynamical variables / and g, i.e., {f,g}o, by a quantum commuta- 
tor [/, g]/ih, where [/, g] = fg — gf and the canonically invariant Dirac bracket is 
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defined as 

{/, 9}d = {/, 9} - E {/, m}C a y l {U^, g} (2 - 4) 

In eq. (2-4) the script brackets without the subscript D are the usual Poisson 
brackets and a, f3 are the scripts for the 2-dimensional vector components. The 
matrix elements of C are given by C a ^ = {ITf,]Tj} and C a p~ l = (C^ 1 )^. We 
notice further that 

{IP i ,n^-} = -G^^~ (2-5) 

where the second rank antisymmetric tensor is defined as €12= — £21= 1 and the 
magnetic length A = {Tic/eB)^. As a result, C a p is a non-singular matrix. 
We may then work out all the Dirac brackets of the canonical variables and further 
quantize them. The only nontrivial commutation relation is found as 

[xf,a$ =ie a(3 5 ij \ 2 (2-6) 

i.e., the application of the Dirac quantization procedure to the system that all elec- 
trons are in the LLL makes the electrons' coordinates acquire the physics of their 
guiding center coordinates while the canonical momentum being consistently elimi- 
nated via the Dirac brackets. We may verify without difficulty that the constraint for 
the LLL can be equivalently described by the following constraint for the N-electron 
wave function defined in the conventional 2-dimensional space as 

U^( ri ,---,r N ) = (2-7) 

together with the understanding that, not only the real processes, but also all the 
virtual processes beyond the subspace of eq. (2-7) are prohibited at all, where 
Hi = (Hf — iHi) I y/2. A detail account for the application of the Dirac's quantization 
on such a constraint system is presented in literature [22]. 
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Base upon the above treatment which is accomplished in the first quantiza- 
tion representation, we may introduce the corresponding description in the second 
quantization representation accordingly. Following eqs. (2-3) and (2-7), the second 
quantized Hamiltonian now has the form as 

H = V[^ + (x)^(x)-p BG ] 

= \j d 2 r 1 d 2 r 2 (i+(r i )i(r 1 ) - ps^V^ - r 2 )(^+(r 2 )^(r 2 ) - p BG ) (2 - 8) 

while the electron wave field operator ^(r) satisfying the fermion statistics is sub- 
jected to a LLL constraint that 

n£(r) = (2-9) 

where p B c = S^ 1 J d 2 r^ + (r)\l/(r) with S being the total area of the system and 
should be equal to the average charge density contributed by the positive back- 
ground. One can easily verify that the projection to the LLL, even for the virtual 
processes, is rigorously guaranteed by the constraint (2-9) in the second quantization 
representation. 

By applying the standard procedure, now we introduce further the bosonized 
representation <&(#) for the electron field ty(x) [7,10,11] as 

(a) = e tB{x) ^{x) (2 - 10) 

with the definition 

Q(x)=m J d 2 z'Im\n(z-z')p(z') (2 - 11) 

and the C-S gauge field can be defined as 

a(x) = v©(z) (2 - 12) 
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In eq. (2-11) and the following, it is often convenient to introduce the complex 
notations as 

z = 71 ^ + 2 = 71 ^ ~ 

d Id d-d Id d 

d= d~ z = Tlfe " % l d= dz- = Tlfe + % ] (2 " 13) 

and 

1 B 1 i? 

A = ^= (A, - iAJ = -i-*, A = -^(A, + iA y ) = i-z (2 - 14) 

Substituting eqs. (2-10), (2-11) and (2-12) into eqs. (2-8) and (2-9), and noticing 
eqs. (2-13) and (2-14), we have 

H =\j dhidh^pin) - PBG )V{v l - r 2 )(p(r 2 ) - p BG ) (2 - 15) 

and the LLL constraint becomes 

M(r) = (A + l A- A + ia)S(r) = (2 - 16) 

In eq. (2-15), p(z) = & + (x)&(x) and p BG = S^ 1 / rf 2 r$ + (r)$(r). Due to the singular 
behavior of function Im\a.{z — z'), following from eq. (2-11), we may derive 

e a /3 d a a/3 = i(da — da) = —2-nmp{r) (2 — 17) 

which relates the " magnetic field " of " C-S gauge potential " a a to the particle 
density and has the physical intuition as: attaching m-" magnetic " flux of the 
C-S field to an electron [10,11]. If we impose further the equation of continuity, 
p(r) + d a j a (r) = 0, then, the time derivative of " C-S gauge potential " should 
relate to the matter current as 

E a/ 3 a p = 2ixmj a (r)+ e a/3 d p a Q (2 - 18) 

up to a trivial divergence free term. 
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Taking into account of all the above considerations as well as the fact that the 
constraint for the LLL should be imposed on all the time slices in the dynamical 
evolution, the path integral representation for the Z-generating functional would 
have the following form 

Z[A] = J V^V^ + Va^[tl^}5[^ + tl + ] exp (i J d 3 xC ) (2 - 19) 

with 

C = <$> + (id - a )$ - V[p - peg] ~ ^^ a o e a/3 d a a p + ^— e a(3 a a a p (2 - 20) 

where the gauge fixing condition is understood involved implicitly and £[•••] is the 
5-functional. Comparing to the conventional 2+1 dimensional C-S field theory, we 
have not only two second class constraints for the LLL being explicitly built in but 
also an action in which the kinetic energy is absent. In fact this is a sort of the 
non-relativistic C-S field theory with its interacting matter field being massless. 



Ill Description For The Vortices ( Quasi-particles ) In The 
FQH System 

Since now we are in the boson representation, we prefer to introduce the phase 
6{x) and the electron density p{x) for the wave field as the dynamical variables by 
taking 

= Jpl~x)e ld{x) (3-1) 

The phase variable 9(x) bears the description for the vortices and can be further 
decomposed into a regular part 9 r and a singular part 6 S as [10,11] 

0{x) = d r {x) + d s {x) (3-2) 
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in which 9 r and 9 S satisfy 

Ga/3 dadpOr = (3-3) 

and 

dadpO, = -27vp s (x) (3 - 4) 

respectively. We notice that p s has the physical intuition as the density for the 
vortices. We then substitute eq.(3-l) into eq.(2-16) and its conjugate, the constraint 
for the LLL can then be expressed in terms of p-9 variables as 

„ r „. .Idlnp ,d9 r ,d6 s . 1 . 

r\p, 0} = - - i 3 ^ - i^A -ia)=0 (3 - 5) 

J LF ' J v 2 dz dz dz \ 2 B ' y ' 

The Z-generating functional (2-19) becomes 

z[A] = J v P v9 r ve s v aiI 5[f[p, e]]5[f*[p,e]] 

r 1 1 

exp i J d 3 x{p(-9 r -9 s -a + eip) - V[p -p\- e a/3 a d a a p + ^— e a p a a ap} 

(3-6) 

where we included an applied electric field with (p(x) being its scalar potential. It 
is quite clear from eqs. (3-5) and (3-6) that, as a result of introducing the p-9 
representation, the C-S field acquires a gauge term: a M — > a M + d^9 r , p, — 0, 1, 2, not 
only in the matter part of the action but also in the constraints. It is known that 
the action for the C-S term of the gauge field itself is invariant respect to the local 
gauge transformation up to a surface term. Therefore, we may eliminate the regular 
part of the phase variables 9 r by performing a gauge transformation a M — > a M — d^9 r 
for the Z-generating functional expression eq. (3-6) and forget about the induced 
surface term /Cr[a, 9 r ] tentatively. We will come back to this induced surface term 
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in the next section. Moreover, by taking a linear combination of df*/dz and df/dz 
in which the 9 r has been eliminated as just mentioned, the constraints eq. (3-5) can 
be transformed into the following equivalent form as 

X i 

- v 2 lnp+ — -2ir Ps + e a pd a ap = (3-7) 

and 

V • a = (3-8) 

We then carry out the integration over the zero-component C-S field ao in eq. (3-6) 
and recover the C-S constraint (2-17) first. By solving eqs. (3-8) and (2-17), we 
may integrate further T)a{Da 2 in eq. (3-6). Finally we derive 

Z[A] = J VpV9 s 5[^[p,9 s ;B]]exp % J d 3 x{-p9 s + ep<p-V[p- p} + — e a p a a a p } 

(3-9) 

with 

F\p, 9 s ;B] = ^ 2 \np+^- 2nmp - 2np s = (3 - 10) 

and a a being now the solution of eq.(2-17) in consistency with the gauge fixing con- 
dition eq. (3-8). In this equation, the term A -2 could be understood as {e/fic)\j xA. 
We would like to emphasize here that apart from surface term /Cr[a, 9 r ] contributed 
by the C-S term due to the gauge transformation a M — * a M — d^9 r , we have not done 
any partial integration in the above derivations. 

By now we derive the Z-generating functional for the FQH system in the p- 
9 representation. We see that the LLL constraint not only makes the electrons' 
kinetic energy disappear, but also manifests itself as a functional relation among p, 
p s and B: T\p, p s ',B] = 0, which plays a crucial role in the understanding of the 
properties for the FQHE states. The contributions from the C-S field which had 

13 



been introduced non-trivially for the bosonization procedure now transfer partly 
their effect to the statistics index "m _1 " appearing in the constraint functional 
jF[p, p s ;B] while the remaining effect is still born by the term (Anm)^ 1 E a /3 a a ap. 
If we imagine the functional integral T>p in eq. (3-9) being carried out, we may 
understand that the eq. (3-9) describes a system with p s as its only independent 
dynamical variable. Since & a p d a dp can be nonzero only at certain singular 2+1 
dimensional world lines, so 9 S is a smooth functional in space except those singular 
points (at vortex positions). We interprete these propagating singular points as 
point particle-like vortex cores. Then the vortex density should have the expression 
as p s (x) = Y,j ?j^ 2 ( x — x j W) w ith qj = ±1 being the vortex charge and x.,(t)'s being 
the world line for the j-th vortex. The vortex current j"(x) = J2j Qj^j W<5 2 ( x ~ x j(^)) 
can also be equivalently expressed as 

J?( x ) = ^ (dodp - dfid )9 s (3 - 11) 

We can easily verify that the expressions (3-4) and (3-11) are consistent with the 
conservation of the vortex current: p s + d a jf = 0. Kept with the above under- 
standings, it is obvious that in the expression for the Z-generating functional eq. 
(3-9), the path integral over V9 S is essentially an evolution in the first quantization 
representation for the vortices. 

It is straightforward to derive from the Z-generating functional eq. (3-9) the 
following equation 

X i 

-V 2 < In p > -2ixm < p > +— - 2rr < p s >= (3 - 12) 

2 X z 

where < • • • > is the path integral average over the normalized Z-generating func- 
tional, i.e., average over the physical ground state. This equation in fact had been 
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first time derived directly from the constraint equations for the LLL by applying 
the collective field theory approach [21,23]. What we have here more is to make 
its connection to the dynamics being explicit. For a homogeneous system with zero 
vortex, we derive the quantization condition from eq. (3-12) for the FQHE states, 
p = (27rmA 2 ) -1 , immediately. For a single vortex, we can draw the conclusion easily 
from this equation that it carries a fractional charge of qe/m where q > corre- 
sponds a quasi-hole. So this equation can be interpreted as the equation for the 
vortices ( quasi-particle ) of the first hierarchy. Its mean field solution can be solved 
numerically without difficulty and then the energy for the quasi-particles can be cal- 
culated subsequently. We notice that different from the usual G-L type description, 
there is no mass-scale dependent parameter appearing in eq. (3-12). It also does not 
depend on whether there is a " BCS type symmetry breaking " [12] in the FQHE 
state. 

In the constraint equation (3-10), p s has the 5-function like singularities at the 
location of each vortex. While the main role played by the y 2 l n P is to cancel 
such singularities since the p(r) should have certain drastic variations close to the 
vortex centers. If we further introduce the second quantization representation for 
the vortices, such singularities would be smeared out in the wave field description. 
Hence the y 2 l n P term would be no more interesting as the main physics are usually 
controlled by the long wave length behaviors. Therefore, for sake of convenience, 
we would ignore the y 2 l n P term in the following with the understanding that 
there is always a term — <E a p dplnp/2 associated with d a 9 s implicitly in the first 
quantization representation of the vortices, while such a term could be reasonably 
ignored in its second quantization representation. 



15 



IV Intimate Relation Between Edge Excitations And 
Hierarchical Structure For A Finite FQH System 

Now we shall treat the finite FQH system, i.e., to separate the surface part of 

the action properly from the bulk part for a finite FQH system. Before going into 

the details we would like to introduce certain descriptions for the boundary of a 

finite FQH system. We imagine that the two dimensional system is enclosed by a 

(spatially) one dimensional boundary T. The continuity equation p + d a j a = can 

then be written in the integral form as 



where dl is the linear integral along the boundary and n a is the unit normal vector of 
the boundary being defined always oriented outward from the system. If we imagine 
a finite period of time 5t, it becomes / d 2 x5p = — fpdl n a p5r a in which we have 
introduced a displacement vector 5r defined formally along the boundary. We may 
express 5p as 5p = p — p, where p is certain initial distribution of the electrons in 
the system. Then, we have 



If we take p = p with p being the average electron density, the lefthand side of the 
equation should be zero, so that we should have 



Consequently 5r a can be interpreted either as the displacement for the particles 
(electrons) passing back and forth through the boundary or as the "rippling" dis- 
placement for the boundary [15] deviating out- or inward along the boundary. Ob- 
viously, it is understood that these equations are valid up to the first order of Sr. If 




(4-1) 




(4-2) 




(4-3) 
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we split 9 S into two parts: 9 S = 9 b s ulk + 9 s s urf , correspondingly, 

Ps = P b ; lk + P T rf (4 - 4) 

we then have 

(4-5) 

which contributes to the average vortex density of the system p s and 

r^-^w^ (4-6) 

which is nonzero only at the boundary, and has zero contribution to the p s so that 
p s = p b s ulk . Making use of the constraint eq. (3-10), we can have both 



and 



' - -p b s ulk (4 - 8) 



27rmA 2 m s 

where the y 2 l n P terms are ignored with the previously mentioned understanding. 
By taking p = p and then substituting eqs. (4-7) and (4-8) into eq. (4-2), we may 
draw the expression for Sr from eq. (4-2) as 

^-sb 6 *^' (4-9) 

up to an arbitrary gauge transformation 9 s s ur ^ — > 9 s s ur f + 9' s where 9' s is a regular 
function defined along the Y: ^ dln a E a/ 3 dp9' r = but not determined yet. 

Moreover, since a finite two dimensional FQH system is always confined by some 
potential, its chemical potential, p, is determined in such a way that the Gibbs 
free energy is minimized consistently with the spatial distribution of the electrons. 
Therefore, the local deviation of the applied electric potential, eip, from the chemical 
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potential at the boundary is equal to the work done by those electrons that passed 
through the boundary, or in another words, due to the local displacement of the 
boundary from its equilibrium configuration. Again in the sense of the first order 
deviation, we should then have 

(ey? - fj,)\ r = e(<p - <p )\ T = -eE • 5r\ r (4 - 10) 

where E is the applied electric field and can be expressed as E = — VV 9 - 

Intuitively, the boundary is an "infinitesimally" thin layer with a "thickness" of 
order of the "rippling" displacement Sr. Such a boundary layer is a layer of p s s ur - f , 
i.e., in which and only in which p s s ur f has nonzero value locally. It has further the 
following properties 

/ d 2 xp s surf = (4-11) 
Jxcr 

and 

j™ fc -n| xcr = (4-12) 

where J xcT d 2 x means a 2D integration earring over only this surface layer region. 
We may also verify without difficulty that eqs. (4-11) and (4-12) are consistent with 
eqs. (4-4) to (4-8). Eq.(4-ll) has the physical meaning similar to those of 5r ■ n in 
eq.(4-3) that p s s ur ^ describes the local accumulation or dissipation of the particles in 
the surface layer with its total accumulation (dissipation) being kept equal to zero. 
Moreover, since the description for the displacement of the particles (electrons) 
passing back and forth through the boundary (which results the local accumulation 
and dissipation of the particle density) has been taken care by eq.(4-ll), as a result, 
we should have eq.(4-12) for consistency. We notice also that eq.(4-12) is valid only 
up to the leading order where the unit vector n is defined as the normal of the 
outer boundary of the layer. If we view the boundary as a surface layer in sense of 

18 



eqs.(4-ll) and (4-12), then we can show that eq. (4-9) applies locally to the whole 
boundary layer region. In fact, we may divide imaginary the surface layer further 
into many sub-layers with the requirement that each of them having eq.(4-ll) being 
satisfied. But for now, instead over the whole boundary region, we should have the 
2D integration in eq. (4-11) carrying over only those sub-layers under consideration. 
Therefore each intersurface between two successive sub-layers encloses an area with 
its interior bulk part coinciding exactly with that of the original system but its 
surface layer being only an inner part of that of the original system. Obviously 
we then can apply the same arguments to derive eq. (4-9) like equation on each 
intersurface in the interior of the boundary layer, so that, eq.(4-9) is indeed valid 
within the boundary layer locally. Furthermore, following the similar spirit, it is not 
difficult to verify that eq. (4-10) is also valid within the boundary layer. 

For the term / d 2 xdtp(eip—p) in the action of eq. (3-9), by utilizing the constraint 
eq. (3-10) or eq. (4-7), we have 

J d 2 xdtp(e V -p) = f d^dtl^^I ~ ^(PT rf + P b s Ulk )](eV - I*) (4 - 13) 

We notice that the term / d 2 xdt(2irm\ 2 )~ 1 (ap— p) in the r.h.s. of the above equation 
will not contribute to the dynamics of the system since eip is due to the applied 
electric potential and p is a constant determined by the envelope potential. We 
would like further to keep the p b ^ lk term in the r.h.s. of eq. (4-13) to be retained. 
Moreover, by applying eq. (4-6) to the p s s ur f which is nonzero only in the boundary 
layer, the remaining term in the r.h.s. of eq. (4-13) can be rewritten as 

-!- / d 2 xdt[e aP d a dp9 s s ur f}(e<p -p) (4 - 14) 

Taking into account of eqs. (4-9) and (4-10) with the understanding that both of 
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the two being valid in the whole boundary layer, eq. (4-14) becomes 

(27r ^ )2 _ f xcr d 2 xdt(e a/3 d a dp9 s s urf )(E a e a(3 d p 6T rf ) (4 - 15) 

We now introduce the following identity for the integrand of the expression eq. 
(4-15) as 

d a M a ■ EpMp = d a {M a EpM p ) - ^E a d a {MpMp) - (e a/3 M a Ep) ■ (e Q ^ d a >Mp>) 

with M a being identified as E a p dpOf 1 '^. Since E a p d a Mp = — d a d a 9 s s urf , we may 
choose the gauge for 9 s s urf and make the last term on the r.h.s. of the above identity 
becomes zero. Substituting the identity into expression (4-15) and then J xcF d 2 x can 
be transformed into a " surface " integral § B dl which encloses the boundary layer by 
two line integral one for the outer boundary and the other for the inner boundary, 
i.e., 



\ 2 - fdtl dl[n a in aP dp6 s s ur t){E a , e^> dp0? rf ) - \{E a n a ){d p 9T rf d p 9 s s urf )\ 

(4 - 16) 

Without lost of generality, we may assume reasonably that up to the leading order of 
5r, n a E a p dp9 s ™ r f being zero at the inner boundary line while n a d a 9 s s urf taking the 
same value locally at the both boundary lines. Noticing further that {d a 9 s s ur *) 2 = 
(n a d a 9 s s urf ) 2 + (n a e a/3 dp9 s s urf ) 2 , then expression (4-14), i.e., eq. (4-16) can be 
transformed into the following form 

—1— fdtl dl(n a e a/3 d p 9T rf ) ■ (E a E a(3 dp9 s s urf ) (4 - 17) 

Taking into all the above considerations, we derive from eq. (4-13) that 

J d 2 xdtp{e(p — n) 
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vzfdtl dl{n a e aP d p 9 s s urf ) 2 - — [ d 2 xdtp b s ulk (e V - p) (4 - 18) 



2{2nm) 2 p 

where we have assumed the electric field always parallel to the normal on the bound- 
ary. 

For the first as well as the last term of the action (see eq.(3-9)), — p9 s +(A-nm)~ l E a/3 
daCip, we notice a a is the solution of eq. (2-17) which can be expressed in terms of 
9 S by making use of eqs. (4-7) and (3-4) as 

a a = - dJs _ J_ AT (4 - 19) 

Therefore, by applying further eqs. (4-7) and (4-19) 

J d 2 xdt(-p9 s + — !— G a/3 a a ap) 

= j d 2 xdt[-^-(e a/3 d a d p 6 s )6 s + J- e a(3 d a 9 s d d p 9 s ] (4 - 20) 

where ( and afterward ) we have ignored ( would ignore ) all those integrands of a 
total time derivative. Taking a partial integration with respect to the " d a " in the 
first term, expression (4-20) becomes 

+ J d 2xdt l^ ^ dpOsidJs ~ dodJ s ) - ^ e aP d a 9 s d d p 9 s ] (4 - 21) 

For the purpose of separating the " surface " and " bulk " degrees of freedom, we 
express 9 S further as 9 S = 9 s s ur - f J r 9 h g ulk in eq. (4-21). Utilizing the following equalities 



j d 2 xdt e aP d a 9 s s urf d d^ lk = J d 2 xdt e aP d a 9™ k d dp9 
d oP b s ulk + d a j™ k = 

dopT rf + d«3Z f = 
21 
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and eq.(4-12), we can derive the following expression from eq. (4-21) by straightfor- 
ward calculations 



— ( d 2 xdtdj b s ulk ]^l k - — *— f d 2 xdt e aP dJ^ lk d Q d p d bulk 
i- J dt jf dln a e a(3 d p 9 s 9 s --L-Jdt£n a e a(3 d^f k 6 b s ulk (4 - 22) 



A7rm 

where we have also utilized the expression for p b s ulk ' surf and } b s ulk ' surf given by eqs. 
(4-5), (4-6) and (3-11). 

Now we introduce a dual gauge field for the bulk system as 

K = ~SJr - ^g4T (4 - 23) 

Making use further of eqs. (4-5) and (4-7), it satisfies 

e aP dpA'p = -2np bulk (4 - 24) 

Substituting eq. (4-23) into the first two terms of expression (4-22), we derive step 
by step the following expression as 



J d 2 xdt(-p6 s + — !— e a p a a dp) 

4^l dt i dlna Ga/3 {dpds()s + d P°i ulk ^ ulk ) 



+ J d 2 xdt{-t lk ■ A' - £ e a( s A!j! p } (4 - 25) 

Finally, take into account of all the above considerations, and substitute eqs. 
(4-25) and (4-18) into the corresponding terms of eq. (3-9) in which ep(f being 
replaced by ep((p — p) as for a finite system, we obtain an interesting form of the 
Z-generating functional for the finite FQH system 

Z = J V9^ lk V9 s s urf J Vp5[F[p,p bulk + p s s urf ; B]] 
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exp i 



m 



f d 3 x{-j b s ulk ■ A' - -p^ lh (&p - p) 



--G a/3 A' a A' p -V[p-p} + I r [ 
The surface action in eq. (4-26) J r has the form as 



(4 - 26) 



+v D {n a e a pdp9T rf Y} (4-27) 

where we have assumed the applied electric field E is parallel to the normal on the 
boundary and v D can be derived from eq. (4-18) by applying eq. (4-8) as 

v D = v D /(l - 2vrA 2 p s ) (4 - 28) 

with vd = cE/B. 

In eq.(4-26), <5[jF[p, p s ; B]} is in fact a product of 5— functions 

S[^[p,p s ;B]} = l[5[T[p(x),p s (xy,B}}, (4-29) 

X 

where Yi x * s the product over all the 2D spatial position x's and J : \p{x),p s {x)\B\ 
has exactly the same expression as that of eq.(3-10) but picks its value at the spatial 
points x. Since the hardcore vortices can never coincide at the same spatial point, we 
may regroup Y\ x into two products as the following. The first product, rixcr? picks 
up those singular points (attached with its nearest neighbouring regular points) at 
which only the surface vortices locate. Obviously, these "mini-islands" (may or may 
not overlap) exist only in the boundary layer region. The second product, n&uZfc) 
picks up all the other spatial points in both the bulk interior and the remaining points 
in the boundary layer region in which only the bulk vortices may locate. Therefore, 
we may identify p s (x) = p s s ur ^(x) for those 5— functions in the first product, and 
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p s (x) = p b s ulk (x) for those 5— functions in the second product. We then have the 
following expression 

6[^[p,p s ; B}} = 1] 6[^[p(x),pT rf (x); B}} ■ 6[F[p, p bulk ; B}} (4 - 30) 

xer 

in which 

5[F[p,p bulk ;B]] = l[5[F[p(x),p bulk (x);B]]. (4-31) 

bulk 

Keeping with the similar understanding, we may further separate the integral mea- 
sure of / Dp into two corresponding parts as 

fvp=fv P -f Vp (4-32) 
J Jr Jbuik 

Now we introduce the notation 

V9r f = V6T rf I Vp J] 5[F[p(x), pT r} (s); B]} (4 - 33) 

where j r T>p fixer &[J~[p{ x )-> PT r *i x )'i -^11 means to solve p(x) as the functional of 
p s s ur f(x) from eq.(3-10) in the boundary region. Taking into consideration of eqs.(4- 
30) — (4-33), the generating functional (4-26) can be put into the following form 

as 

Z = f V9 s s urf [ V9 bulk Vp5[^[p,p bulk ;B]] 
Jr hulk 

• exp *[ J d 3 x{-t lk ■ A' - ^f(e V - p) 

777 

-- e a , A' a A' p - V[p - p s } + I r [6 s ]] (4 - 34) 

For a finite system, if the integration over "Dp5[jF[p, p bulk ; B]] has been taken into 
account, eq. (4-34) means that the Z-generating functional for the FQH many elec- 
tron system can be equivalently described in terms of its vortex degrees of freedom 
while the electrons can be understood as a background condensate. The correspond- 
ing action can be divided into two parts: a bulk part and a surface part. The bulk 
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part has the intuition that the vortices move in a dual gauge field y x A' = —2np bulk 
and carry the fractional statistics (m)" 1 with fractional charge qe/m. It can be in- 
terpreted as the action for the next hierarchy. In particular, when the system is 
exactly in a FQHE state of the first hierarchical level, i.e., p b s ulk = 9 bulk = 0, we then 
have 9 S = 6 s s ur ^ , so that the surface action Ir[0 s ] — * Ir[&T ir ^] will decouple from its 
bulk and describe an ensemble of independent edge excitations with its propagation 
velocity vd = vd- This is one of the interesting results drawn from our approach 
with its description mainly based upon the constraint condition eq. (3-10). We 
notice that if we solve A' a in terms of p bulk ) and apply further eq. (3-10) for the 
_jbuik . ^/ term, we may find easily that the bulk action is formally rather similar 
to that of [10, 11]. The action Ir[9f ir ^] in the FQH state has the form known as a 
chiral boson action which is consistent also with those proposed in [14, 15]. What 
we have here is a unified description for a finite FQH system derived from ab initio 
analytically. 

We stress further that if we perform a gauge transformation to the whole action 
(4-26), it would also produce a surface term which may cancel the surface term left 
previously in section III. We will show the details in Appendix A. 

As we have mentioned before, because 9 s (x) has only the isolated singularities in 
the two dimensional plane, V6 S integrates over only the space-time propagation of 
those singularities: the coordinates of vortices. Therefore, it is not difficult to show 
that 

/ V6 b : lk exp i J d 3 x{-t lk ■ A' - £ e a , A' a d A' p } 
= E / II Vr'M exp i{- £ r; • A'(r'^)) - f ^ A' a d A' p } (4 - 35) 

N=1 J j=l j 47F 

where r'j(t) is the coordinate for the j-th bulk vortex. We notice that, following 
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from eq. (3-10), we always take the convention that the vortices are counted as 
quasi- holes. This identity makes the following fact become explicit. The bulk ac- 
tion for the vortices in eq.(4-34) is essentially in a first quantization representation. 
Moreover, it becomes clear that such an action again involves only terms linear in 
the first order time derivative of the vortex coordinates but no bilinear term. We 
may learn from the Dirac's algorithm immediately that once again we have a system 
of vortices with "zero kinetic energy" which should be described by the second class 
constraint. In fact, comparing eqs. (4-34) and (4-35) with eq. (2-1), keeping again 
the understanding that the functional integration over Dp being carried through, we 
can realize that the bulk action for the vortices has a form almost the same as the 
original action for the electrons in the LLL. Now it becomes also quite clear that 
the application of the Dirac's quantization theory for the constrained systems to the 
overall space-time propagation of the vortices in the form of eq. (4-35) provides a 
field-theoretical background for treating these hierarchical vortices ( quasi-particles 
) in FQHE which have only zero effective mass while the " conventional " vortices 
often have finite effective mass contributed by the massive constituting particles. 

V Schematic Outline For The Higher Hierarchical States 
And The Corresponding Branches of Edge Excitations 

Based on the above observations, we may apply the same procedure as those 

for the electrons to introduce the second quantization representation for the bulk 

vortices ( of the first hierarchy ). But there are certain delicate differences which 

should be carefully treated as the following: (i) Instead of the vector potential A 

which couples to the electron velocity and has a constant curl, y x A = B as the 

applied magnetic field, we have now a vector potential A' for the bulk action of the 
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vortices which plays a similar role but has a curl, y x A' = —2iip, depending on the 
dynamical variable via the constraint equation jF[p, p b s ulk ; B] = 0; (ii) In the applica- 
tion of the Dirac quantization to the vortices in the first quantization representation, 
we need the condition [IT^, U'J] = —2n e a /3 Sijp ^ to be satisfied, where U.' a % has 
the same form as IT^, with the corresponding quantities substituted by those for the 
vortices. Since p could be zero ( or singular ) only at the isolated locations for 
the vortices, in the spirit of long wave length approximation, we may reasonably 
take the approximation as p > ( finite ). In fact, these singular behaviors at the 
vortex locations will disappear after its second quantization procedure being com- 
pleted; (iii) Corresponding to the bosonization procedure for the electrons in which 
we introduced a C-S gauge field with the statistical index being odd integers m, we 
now introduce a C-S gauge field a'^ with the statistical index being even integers 2p. 
This is because that the world lines for the vortex "particles" are originated from 
the singularities of the phase field 6 S of the bosonized electrons, so that they have 
to have a periodic boundary condition at the — oo and +oo of the time axis [24]. 
By such a " bosonization " of the vortices, the newly introduced " C-S " gauge field 
satisfies the gauge constraint as 

e aP d a a' p = 4irpp b s ulk (5 - 1) 

Comparing eq. (5-1) with eq. (3-4), we have 

a' a = -2pdJ bulk (5 - 2) 

which in fact has the same physics as eq. (2-12). But eq. (2-12) is for the elec- 
trons while eq. (5-2) is for the vortices with one hierarchical level in succession. 

Substituting eq. (5-2) into eq. (4-23), we have 

1 1 / 

A ' a = '^B^" 1 + 2p~^ a ' a (5 " 3) 
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This is a relation between the dual field and the new "C-S" field. 

Taking into account of all the above considerations, introducing the " bosonized 
" wave field $' for the bulk vortices, and running over almost exactly the same 
procedure as those for the electron case given in the section II, we may introduce 
the second quantization representation for the vortex part of the the Z-generating 
functional (4-34). Consequently, it can be transformed into the following form as 

Z = J P^PpP^W+Pa^f^^^^^Sll^p'^V^^n^] 

• exp i[f d 3 x{<5>' + (t^ -L{eip-n)- a'oW ~ V'[p s ] 

1 / / / / 1 

+ o — ( 2a o e «/3 9 a a - G a/3 a a d ag) - — — — G Q/3 a' ' a d a 'p} + h[9 s }} (5 - 4) 
opir Ibnp m 

where we have also substituted eq. (5-3) into eq. (4-34) and notice that the first 
term on the r.h.s. of eq. (5-3) would not contribute to the C-S term in eq. (4-34). 
Since 9 S = 9 b s ulk + 9 s s urf , we understand that the dynamical variable 9 S for the surface 
action has its bulk part being now defined in the second quantization representation 
while its surface part being not. We notice further that in eq.(5-4) and the following, 
except 9 s s ur f , all the second quantized dynamical variables as well as their functional 
integration measure, such as p, $' and $' + etc. are of bulk degrees of freedom, 
and we would keep such understanding but ignore the "bulk" sup- or subscripts 
for convenience. Separating the modulus part of $' from its phase part by writing 
$' = y/fhe te with 9' = 0' r + 0' s , absorbing the regular part of phase variable 9' r into 
(see Appendix A) and then integrating over a' , a[, a' 2 and p in the Z-generating 
functional (5-4) as what we did for the electrons in the section III, it becomes 

Z = [ V9t urf Vp s V9' s 5[P\p s , p' s ; B]] exp i\ f d 3 x{-p s 9' s - -p s (e V - p) 

' - + 2p) e af3 a' a d a'p - V'[p s }} + I T [9 S \\ (5 - 5) 



16p 2 7r m 
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with V'\p s ] = V[(p s - p s )]/m] and 

P\p s , p' s - B} = l -y 2 \n Ps -^ + 2tt Ps (^ + 2p) + 2np' s = (5-6) 

where a' a is the solution of eq. (5-1) associated with an appropriated gauge fixing 
condition which is determined again by the constraint n'$' = and its complex 
conjugate. ( see the corresponding eqs.(3-7) and (3-8), especially (3-8) ). And 
p s , the density of the vortices, is the modulus of the vortex wave field which now 
is in the second quantization representation, while 6' s is the singular part for the 
conjugated phase field which describes the isolated " vortices " for the next ( higher 
) hierarchical level with its density having the expression as 

P's = ^ W (5 - 7) 

These "vortices" has the intuition as " new quasiholes" on the "old quasihole" 
condensate so that they are essentially electron-like excitations in nature. We may 
further solve p s from eq. (5-6) with the consideration of eq. (5-7) as 

Ps = 2tt(1 + 2pm)X 2 ~ m- 1 + 2p Ps (5 ~ 8) 

In the above derivations, we have carried out the path integral for Dp so that the 
constraint equation (3-10) T[p,p s ;B] = is understood being always satisfied and 
the ingredient of the constraint (3-10) has been now transmitted into eq. (5-6). 
If we divide eq. (3-10) by 2irm, eq. (5-6) by 2n(m' 1 + 2p) and then compare 
themselves each other, we may find that instead of m -1 for the vortices of the first 
hierarchical level, the charge unit of the vortices of the second hierarchical level 
becomes —(1 + 2pm)~ 1 . Correspondingly, the statistics index also changes from 
vnT 1 to — (m _1 + 2p)~ x . 
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We may further separate one more surface part of the action in eq. (5-5) from 
the bulk in sense of the next hierarchical level. We may work along exactly the 
same line as those of the electrons from eqs. (4-1) to (4-28). Since we have also the 
current conservation of the vortices: d p' s + d a j'" = 0, and especially instead of eq. 
(3-10), we have now the constraint equation eq. (5-6), therefore, by noticing the 
correspondence as p — > — p s , e — > — e/m, 6 S — > —6' s and the C-S factor 

m -> -( — + 2p) (5 - 9) 

m 

we may split p' s into p' s sur 'f + p'^ ulk , 0' s into 8'f urf + Q' s bulk and follow the same line as 
those of eqs. (4-1) to (4-10), and derive 

(— V? — //) — — — E • 5r' (5-10) 
m m 



with 



in the boundary layer x C V . In repeating such a processing, we have an interesting 
question that whether the "boundary" for the second hierarchical level V coincides 
the boundary of the first hierarchical level T. Formally, the FQH system should 
have only one unique boundary on which all the surface integrals for the system 
should be defined, i.e., V = T. But intuitively, as it has been already carefully 
discussed in the previous section, the boundary T carries a sort of ripple-like edge 
waves with an amplitude of order of 5r. It can be equivalently described in terms 
of the surface vortices in sense of the first hierarchical level which are spreaded 
over a surface region of depth ~ 5r and form a boundary layer. We separated the 
surface degrees of freedom from those of the bulk in such a way that the latter 
covers not only the whole region of the bulk interior of the 2D FQH system but 
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also the boundary layer in sense of those surface vortices with its nearest regular 
neighbourhood being excluded. This is the basic physics of the boundary T, based 
upon which we introduced further the surface measure V6 s s ur f of eq.(4-33) and the 
bulk measure in eq.(4-32). Following the same intuition, the boundary V is in 
fact the boundary of the bulk region of the first hierarchical level. It should be a 
rippling region with a depth of 5r' but accommodates inside the bulk region in a 
rather complicated way. In other words, we could imagine that these two successive 
boundary layers permeate into each other heavily, and we would like to say that it is 
of the " strong coupling limit " . We may imagine an opposite limiting case: all the 
surface vortices of the second hierarchical level, which is essentially the origin of the 
surface rippling of the boundary T', distribute inside the boundary layer Y and form 
a layer as V' . We may have consequently the boundary layer V' accommodates inside 
the boundary layer Y with a sharp separation, i.e., up to the second hierarchical level, 
the FQH system has two successive boundary regions with the outer boundary being 
T while the inner one being V. We say that is of the " weak coupling limit " . After 
the physics of the two coexisting boundaries being clarified as above, corresponding 
to eqs. (4-11) and (4-12), we have that, in the boundary layer T' 

f d 2 xp' s surf = (5 - 12) 

JxCT' 

and 

f; lk ■ n'UcP = (5 - 13) 

where n' is the normal of the boundary V. Keeping with such an understanding, 
we may process further as follows. 

Solving eq. (5-6) for p s and splitting then p' s into p' s sur ^ + p' s bulk , we substitute it 
into the second term of the action in eq.(5-5). We would like to keep the p' s bulh term 
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to be survived and perform a partial integration for the remaining terms. This is 
in fact the same procedure as done in eqs. (4-13)-(4-18) but with one hierarchical 
level higher. As the result, the term involving the applied electric field in action eq. 
(5-5) can then be transformed into the following expression as 

/ d 2 xdtp s (e(p — [/,) = [ d 2 xdtp' bulk (e(p — p) 

m J ' 1 + 2pm J 



eE 



On the meanwhile, we solve a' a from eq. (5-1) and then utilize eq. (5-6), we derive 

, 2mp 



1 + 2mp 



1 

m\ 2 B 



A e a m - dj s 



(5 - 15) 



In the above equation we ignore the y 2 m Ps term with the same understanding as 
those for y 2 ln p in the previous sections. And we introduce further a dual field A" 
for the new bulk system which is the correspondent of A' introduced by eq. (4-23) 



A" 



1 1 

m^ 1 + 2p m\ 2 B a s 1 



(5 - 16) 



with 



e Q/3 d a A"p = 27r Ps bulk (5 - 17) 

Then applying almost the same procedure as those from eq. (4-19) to eq. (4-25) 
correspondingly, the first as well as the third term of the action in eq. (5-5) can be 
transformed into the following form as 

f -11 

J d 2 xdt[-p s 9' s - Yq—2(~ + 2 P) e ^ a '^'p\ 



+ d xdt 



(5 - 18) 
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In deriving eq. (5-18), we notice that the expression for the p' s , eq.(5-7), has a formal 
sign difference with that of eq.(3-4), therefore the corresponding expression for j' s 
should also has a sign difference with that of eq.(3-ll) formally. Substituting eqs. 
(5-14) and (5-18) into eq. (5-5) and applying further those arguments as well as 
treatments similar to that of eqs. (4-29) to (4-34), the Z-generating functional can 
be put into a new form as 

Z = f V9 s s urf f V9' surf f Vp s V9' s 5[^'[p s ,pf ulk ;B]] 
Jr Jr> Jbuik 



exp i 



J d 3 x{-j 



•Ibulk _ j^/r _|_ 

1 + 2pm 



p* ul \e<p-p)-V>[p s } 



1 , 1 



+— (- + 2 P ) e aP A" a d Q A%} + I r [6 s ] + I' T [B' 9 \ 
Air m 



with the additional surface action as 



s 



where the drift velocity for the new edge excitations is now 



(5 - 19) 



(5 - 20) 



v'j-) = v D / {I + 2Trm\ 2 p' s ) 



(5-21) 



For now we practiced our scheme once again that the bulk action for the vortices 
eq. (4-34) can be also divided into two parts: a surface part may describe one more 
branch of edge excitations, while the remaining bulk part is exactly for the third 
hierarchical states. Both of them have their forms almost the same as those given 
in eqs. (4-34) and (4-27), and the only difference is that we have now the statistics 
parameter changed from — m to rrT x + 2p and the fractional charge changed from 
e/m to —ej (1 + 2pm). Especially, noticing the sign difference between eq. (3-4) and 
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eq. (5-7), the surface action I^[9' s ] of eq.(5-20) has consistently an additional global 
minus sign compare to Ir[O s ] of eq.(4-27). The fact that these signs change from one 
to the next reflects the hole-particle nature for the vortices of different hierarchical 
levels which depends actually on our convention that we keep the vortex particles 
as quasiholes for each hierarchical level. 

For a homogeneous system with p' s being equal to zero, it means that the system is 
now lying exactly on the second hierarchical FQHE filling, i.e., we have a condensate 
for both electrons and vortices. Then the constraints eq. (3-10), jF[p, p s ; B] = 0, 
and eq. (5-6), jF'[p s ,p' s ; B] = 0, will give the expression for filling factor v as 

1 

v = — (5 - 22) 

m+ — 
2p 

For the system having isolated vortices on the condensate of the second hierarchical 
level, then F'lps, p' s ; B] = will provide the corresponding vortex equation with each 
vortex carrying a fractional charge as (1 + 2pm) -1 . It becomes so obvious that our 
approach does provide a dynamical description for these massless vortices for whole 
hierarchical scheme. 

One more interesting question is for the surface actions as we derived now two 
surface actions co-existing in a FQH system at the second hierarchical level. For the 
second one, eq. (5-20), we have the understanding that 0' s = Q' s bulk + Q' s sur f where 
the 6' s bulk is contributed by the p' s bulk while 6' s surf is contributed by the p' s surf . If 
the FQH system is precisely on the second hierarchical level with p' s bulk = Q' bulk = Q 
so that we have 9' s = Q' s sur f then the surface action eq. (5-20) will be decoupled 
from the bulk as Ir'[Q' s ] ~^ lY'[d' s suri ] and on the meanwhile, its drift velocity v D 
becomes vd- But on the other hand, due to the boundary V accomodates inside 
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the boundary T, the p' s swr * and 0' s sur f should contribute in principle to the 9 s bulk 

variable defined on T. Therefore, if we split p' s into its bulk and surface part in eq. 

(5-6) with the condition p'^ ulk = 0, we have 

1 1 f 

Ps ~ 27rA 2 (l + 2pm) ~~ m^ + 2p Ps [b ~ Z6) 

In eq.(5-23), p s actually satisfies eq.(4-5) since we had ignore the "bulk" -superscript 

for the second quantized p s after (including) eq.(5-4). Moreover,///™*^ satisfies an 

equation of the same form as that of eq.(5-8) but with p' s and 6' s substituted by p'* ur f 

and Q's ur f respectively Then we may solve d a 6 s s ur ^ from eq.(5-23) as 



d n e^ dk - 



dj'r } - -4rB A « em 

m\ l B 



(5 - 24) 



m 1 + 2p 

up to a trivial curl free 2-dimensional vector. On the other hand, we may also 



express 9g directly in terms of p s which is entirely equivalent to eq.(4-5), 

gbuik = J d 2 xlm\n{z-z')p s {z') 

subsequently, we have 

Qbuik = J d 2 xIm ln (- _ z')p s (z') (5 - 25) 

For the 9'f ur ^ , we should have similar equations followed from eq.(5-7) with the 
condition pf ulk = 0, these are 

9' s surf = - J d 2 x Im ln{z - z')p' s surf , 

and 

9' S s Urf = -[ d 2 x Imln(z-z')p' s s urf - (5-26) 
By utilizing further eq. (5-23) again, we may show that 

Mk = 1 gfsurf /g _ 2? N 

m- 1 + 2p s v 1 
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The underlying physics could be understood as follows: due to the further conden- 
sation of the vortices on the first hierarchical level, the singular behavior for the " 
boundary " vortices preserves and transmits itself into the singular behavior for the 
vortices of the next hierarchical level via the constraint equation (5-6) or eq.(5-23). 
Substituting eqs. (5-24) and (5-27) into the surface action eq. (4-27), it becomes 

h[0 s ] -> Ir[0 s s urf ,8's urf } 

= fdt I dl{-[n a E a s da(6 s s ur + ^—-e' s surf )](9 s s urf + ^—-0' s surf ) 

Vna (»« ^ dp9' s surf )0T rf + Mn a ^ dpB™') 2 } (5 - 28) 



(m 1 + 2p) 



Eq.(5-28) contains only surface variables s s ur f and 0'^ ur f so that they decouple also 
from the bulk as long as the system is on the second FQH hierarchy: p' bulk = 0. But 
the two branches of edge excitations described by 9 s s ur ^ 8' s sur 'f will formally couple 
to each other as shown by the explicit expressions for actions I r [6 s s urf ,6' s surf ] and 
Irr[9' s sur f] as eqs. (5-20) and (5-28) respectively. In the weak coupling limit, i.e., the 
two boundary layer T and V being sharply separated, due to Q' s sur f has its source 
pi surf bgijjg nonzero only strictly inside the boundary layer T, we may show in the 
Appendix B that Q' s sur * will not contribute to eq. (5-28). It would be then simplified 
to the following form as 

h[0 a ] - 

Ir[6 s s urf ] = 4^/ dt£dl{-(n a G Q/3 d p 9 s s ur )0 s s urf 

+v D {n a e aP d p e s surf ) 2 } (5-29) 

so that the two branches of edge excitations will further decouple into two indepen- 
dent edge excitations. Associated with the action eq.(5-20) in which Q' s bulk being 
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now set to be zero, 9' s sur f describes one branch of edge excitation propagation along 
boundary T' with drift velocity vd] while Of 17 '* , associated with the action (5-29), 
describes one another branch of edge wave with the propagation velocity vd- The 
interesting point is that the latter would has a different drift velocity from that of 
lr'[0' s sur ^}. Following from eq. (5-8), we have now p s = (27rA 2 (l + 2mp))~ 1 which is 
nomore zero for the second FQHE hierarchical level. By substituting it into eq.(4-28) 
we derive then 



This is a rather interesting result that we derived the analytical expressions for the 
propagation velocities of the edge excitations which are different for its different 
branches. We expect it could be checked by certain properly designed experiment. 

So far, we derived the corresponding edge excitations for the second hierarchical 
level and the bulk action for the " vortex " of the third hierarchical level in which 
the " vortex current " would couple to a new " C-S " gauge field as — j' s • A" with 
a C-S action (47r) _1 (m _1 + 2p) <E a p A" a A . Now it is sufficiently convincing that by 
repeating the procedure developed above, we arrive a complete description for the 
FQH system that, based upon a careful consideration of the LLL constraint, the 
action incorporated with the constraint can be transformed from one hierarchical 
state to the next in an almost universal form, and the n-th hierarchical state can be 
viewed as n branches of interacting edge excitations coupled to a (n-th) bulk vortices 
system. In particular, only at the hierarchical filling of the FQHE, these branches 
of edge state excitation will decouple from bulk and bear the main physics of the 
FQHE state. 

We would summarize further the analytical expressions for propagation velocities 




(5 - 30) 
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of the edge excitations hierarchically as the following. The statistics index n n for 
the n-th hierarchical level has the expression as 

«n= ~0 ( 5 ~ 31 ) 

where K n -\ is the corresponding index for the (n-l)-th hierarchical level with K\ = 
1/m and p n -\ is an integer. Then, the fractional charge for the vortices on the 
(n-l)-th hierarchical states can be expressed as e/m n with 

n 

m n = [] (5 - 32) 

1=1 

in which we have mi = m. And the vortex density for the (n-l)-th hierarchical 

states can be expressed as 

P {n - 1] = — ^ ^ lP (n) (5 - 33) 

with 

p (n=0) = p 

If the FQH system is on the N-th hierarchical filling, we have 
p(N) _ an( j filling v can be expressed as 

V = — [1 - Ki/t 2 (l - K 2 K 3 (- • • (1 - K N ^K N ) ■ ■ ■))} (5 - 34) 

m 

If we substitute eq. (5-31) successively into eq. (5-34), it coincides Haldane-Halperin 
expression [4] precisely. With the above notations, we can show that the n branches 
of edge excitations for the n-th hierarchical level have the general expressions as 

^-TrsfcBr < 5 - 35 > 

with j = 1, • • • , n and vd = cE/B. In case of the FQH system being on the N-th 
hierarchical filling, i.e., p( N ~> = 0, we have then the hierarchical expression for the 
drift velocities of the edge excitations as 

(i) vd vd_ 

1 - Ki/C 2 (l - K 2 K3(- ■ • (1 - K N _iK N ) ■ ■ •)) mv 
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(2) V D 

1 - /C 2 K3(1 - «3«4(- • • (1 - K N -!K N ) ■ ■ •)) 
(JV-1) _ vp 



1 — K,N-lK>N 



=v D (5 - 36) 

We derive eq. (5-36) by substituting eqs. (5-33), (5-32) and (5-34) into eq. (5-35). 



VI SUMMARY AND DISCUSSIONS 

In summary, our whole discussion is essentially based upon two basic observations 
as follows. The first is that since the vortices for any hierarchical level ( including 
the bosonized electrons ) have all their actions having only terms linear in the vortex 
velocities, therefore, the Dirac algorithm provides a highlight guiding line so that 
we could have a unified treatment for the dynamics of the quasi-particles in the 
FQH system. The second is that, in association with the constraint for the LLL, a 
careful treatment of the partial integrations in the actions for the finite FQH system 
may separate the surface degrees of freedom from the bulk which makes a proper 
description for the dynamics of the edge excitations being possible. What we have 
succeeded in this paper is mainly that we derive not only the expressions for the 
bulk actions as well as the equations for the fractionally charged quasi-particles of 
each hierarchical state, but also the expressions of the actions, and subsequently the 
propagation velocities, for the associated branches of edge excitations analytically. 
(We notify that, since the edge excitations are essentially a sort of rippling wave 
of the boundary of an incompressible liquid, we, as a primary study, ignored the 
effect of Coulomb interactions among the surface vortices at the hierarchy filling.) 
Especially, we show that the branches of edge excitations can be decoupled from 
the bulk only at the hierarchical fillings in the context of C-S field theory approach. 
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What we have found is that the constraint equation, which can be transmitted 
from one hierarchical level to the next, plays a central role in the whole formulation 
not only for the bulk but also for the boundary. We hope that the calculated 
expressions for the propagation velocities of the edge excitations could be checked 
experimentally. 
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APPENDIX A: 

In the section III we have absorbed the regular functional 9 r in the C-S gauge 
field a M . This could be realized by performing a gauge transformation a M — > a^ — <9 M 6> r 
in eq. (3-6) and it gives 

f 1 1 

/ d 2 xdt(-p9 s - p9 r - eptp - pa - V - - a e af3 d a ap + G Q/3 a a ap) 

= J d 2 xdt[—p9 s — ep(p — pa — V 
(a - r ) G Q/3 d a (ap - dp9 r ) + —— G a/3 (a a - d a 6 r )(dp - d dp9 r )} (A - 1) 



Utilizing the regular behavior of 9 r : E^x d u d\9 r = 0, and considering further that a 
term of total time derivative in the Lagrangian will give a zero contribution since the 
bosonized system is periodic at t — ±oo, the r.h.s. of eq. (Al) can be transformed 
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into the following form by simple algebraic manipulations, 

J d 2 xdt[-p9 s - ep(p - pa - 7^^ a o d a ap + e a/3 a a dp - V] + JC r [O r , a] 

(A -2) 

with JCr[O r ,a] having the expression as 

lCr[9 r , a] = - ( dt <fi dln a G Q/ 3 ap9 r — / dt I dln a G Q/ 3 dp9 r 9 r (A — 3) 

In fact, JCr[9 r ,o] is the right term which had been forgotten tentatively in section 
III, especially in eq. (3-9). 

On the other hand, the 9 S as well as A' dependent parts of the action in eq. 
(4-26) have the following form 



bulk 
s 



C[9 s ,A' a ] = -^—v D J dt£dl(n a E a/3 dp6 s s urf ? " 4^/* j dln a G a/3 {d 9™ k 9 

+dp9 s 9 s ) - J d 2 xdtA' a] h s f - £- J d 2 xdt e a/3 A' a A' p + lC r [9 r , a] (A - 4) 

where we recovered the term /Cr[a, 9 r ] and introduced a notation £[# S ,A^] for con- 
venience. If we perform further a gauge transformation as 

gbulk ^ gbulk q 

Qsurf ^ Qsurf 

A' a ^A' a + -dJ r (A - 5) 

m 

for the action (A-4), i.e., C[6 8 ,A' a ] -> C[9 S - 9 r ,A' a + m~ l dj r }. The first term 
of eq. (A-4), {2^m)~ 1 VD J dt^dl (n a e af 3 dpOf 1 ^) 2 , is invariant under the gauge 
transformation (A-5). Its second, third and fourth terms would be transformed into 

^— J dt£ dl n a e a(3 [d p (9 s - 9 r )(9 s - 6 r ) + dp(9 b s ulk - 9 r ){9 h & ulk - 9 r )\ 
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/") rji r I , I 

d 2 xdt(A' a + -d a 9 r )j b f -—] d 2 xdt e aP (A' a + -d a e r ){A' p + -dodpO r ) 

(A -6) 

Substituting the gauge invariant expression for as given in eq. (3-11), and once 
again considering that 9 r satisfies E^x d v d\6 r = as well as the fact that a total 
time derivative term in Lagrangian would give zero contribution, we may transform 
eq. (A-6) into the following form via step-by-step calculations: 

/ dt£dln a G a/3 {d p 9 s 9 s + d p 6 b s ulk 6 b s ulk ) 

- J d 2 xdtA' a3 ^ k -IJ d 2 xdt e a ? A'Jp 

+ 2wm J dt Jr dl Ua Ga/3 (®$*)® r ~ 4^ J dt j v dl Ua Gq/3 ^d^6 r (A - 7) 
Moreover, substituting eq. (4-19) into eq. (A-3), the last term of eq. (A-4), JCr[9 r , a] 
would transform simultaneously into a form as 

K,r[9 r , a] — > K-r[9 r , a + 89 V] 

= J dt j> dl n a G a/3 {dp9 s )9 r + — !— J dt j> dl n a e a p 9 r dp9 r (A - 8) 

Comparing eq. (A-8) with the last two terms of eq. (A-7), we see that the surface 
terms in eq. (A-7) which is induced by the gauge transformation eq. (A-5) are 
cancelled by /C r [0 r , a + d9 r \. 

If we further take into account of the remaining term of the action in eq. (4- 
26) m- l p^ lk (e V - fi), with p b s ulk = -(2k)- 1 e a/3 d a dp9 bulk , it is also invariant with 
respect to the gauge transformation (A-5). Consequently, the transformation eq. 
(A-5) indeed cancels the JCr[a,9 r ] term and keeps all the remaining terms have the 
form as in the text. 
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Alternatively, we may not cancel the surface term /Cr[o, 9 r ] at this stage and keep 
it to be remained as we process to the next hierarchical level, i.e., in eq.(5-4) we 
keep this additional term /Cr[a, 9 r ] with a a being defined as eq.(4-19) . Furthermore, 
similar to what we have done for the first hierarchical level, there is one another 
regular phase variable 9' r in eq.(5-4) contributed by the vortex field Q' s which arises 
from the second quantization representation of the y b s ulk ■ A' term in eq.(4-34) (or 
eq.(4-25)). 

This 9' r should be absorbed into a'^ via a transformation a'^ — > a'^ — d^9' r in the 
same way as those for eq.(3-6) (i.e. eq.(A-l)). Since a' a = —2pd a 9 bulk , 9 b s ulk should 
transform simultaneously as 6 b s ulk — > 6 b s ulk — (2p)~ l 9' r for consistency. Therefore, all 
those terms beside the j bulk ■ A' in action (4-25) 

~iLiJ dt i dl na Ga/3 (d/30s ° s + d ^ lk ^ lk ) - To^p^ I d2xdt e ^ a '^P = U 

(A -9) 

will transform accordingly as 

n -> 

n - ^— Jdt£dl n a G Q/3 ap9' r - 16 ^ mp2 J dt £dl n a G a/3 dp9% {A - 10) 

The derivation from eq. (A-9) to eq. (A-10) actually is almost the same as that from 
eq. (A-4) to eq. (A- 7) with the j bulk ■ A' term being kept away. Correspondingly, 
noticing eq.(4-19), the additional term JCr[a,0 r ] should transform also into 

)c r [a+^-de' r ,e r ] = ^—Jdt£din a g q/3 {2e r a p +2e r (^-d f3 e' r )-e r d l3 e r } (a-u) 

If we set 9 r = (2p)~ 1 9' r , the /Cr[a + (2p)~ 1 d9' s ,9' s \ term will be cancelled exactly by 
the extra terms in eq. (A-10). On the meanwhile, the C-S term for the a'^ field with 
statistics index (87rp) _1 will induce a new 1C' V term ( due to absorbing the 9' r variable 
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) leaving to the next higher hierarchical level. This part of discussion indicates that 
the additional surface term K,r[a,9 r ] really does not contributed to the dynamics 
of the next hierarchical level. Therefore, the procedure in sections III and IV as 
well as the previous part of this appendix that to cancel 9 r before going to the next 
hierarchical level is reasonably correct. 

APPENDIX B: 

In section V, we derived the surface action of the boundary T for the system 
precisely on the FQH state of the second hierarchical level as 

- an^ + fr) / * i dl n ' ^ a *"*-~' {B ~ l) 

It is straightforward to verify that eq. (B-l) is exactly identical to eq. (5-28). In 
eq. (B-l), it is known from the sections IV and V that 

~ e a/3 dadpffr* = pT s (b - 2) 

^ e aP d a d,er f = P.r f (b - 3) 

where p s s ur ^ is nonzero only in the boundary layer T while p' s sur ^ is nonzero only in 
the layer T'. 

In the weak coupling limit, the boundary layer T' is enclosed inside the boundary 
layer T with a sharp separation. It is equivalently to say that the bundle of world 
lines for the surface vortex particle ( described by p' s ) in T' will never penetrate 
into the bundle of the world lines of surface vortex particles in T ( although they 
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are vortex particles in sense of different hierarchical level ). Based upon such an 
assumption ( approximation ), we will show in this appendix that the third and 
fourth terms on the r.h.s. of eq. (B-l) have zero contribution. 

Introduce 

pr / (x)=E ^2 (x _ x , (t)) {B _ A) 

jcr> 

and 

p™f(x) = , £q i P(x-x i (t)) (B-5) 
icr 

where qi and q'j are the vortex charge for the vortex particle i and j respectively. 
Then we may solve 0' s suri and 9 s s urf from eqs. (B-2) and (B-3) as 

jcr' 

6 s surf (x) = J2^rn\n(z-z l (t)) (B - 7) 

icr 

and subsequently, 

e' s surf (x) = q-xf^dJmHz - z' (t)) (B - 8) 

icr' 

By applying eqs. (B-6), (B-7) and (B-8), the third and fourth terms in eq. (B-l) 
can be rewritten as 

7; — 7 — \ — ttt^ qWi' f dtx2(t)- 

27rm(m- 1 + 2p) 2 fc T , 33 J 3 W 

<j> dl n a <E a p dplm\n(z — Zj(t))djlm\n(z — z'j,(t)) 

+7; 7 — — ; tt^t ^ ^ QiQi' [ dtx2(t)- 

27rm(m- 1 + 2p) ftv J 

<j> dl n a G a/ 3 dplm\ii(z — Zi(t))d y Im\n(z — z'j,(t)) (B — 9) 
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Utilizing 

<j> dl n a G Q/ 3 dp — <j> dl a d a = <j> (dzd z + dzd z 

and 

i-y dry 2s | 2s - 

eq. (B-9) becomes 



12 12 QjQj' dt f dl 



2nm(m 1 + 2p) 2 jcr , jl( - r , 
{dzd z Im\n(z — Zj(t))Zj,(t)d z Im\a(z — Zj>(t)) 
+dzd z Im\n(z — Zj(t))Zj,(t)d z Im ln(z — z'j,(t)) 
+dzd z Im ln(z — z'j{t))Zj,{t)d z Im \n(z — z' jf (t)) 



+dzd z Im\n(z - z'^z'^^djml^z - 

+ a™,(m- 1 ' + ap)>§,§,**/*^' fl 

{dzd z Imln(z — Zi{t))zL{t)d z Im\a{z — z'ji(t)) 



+dzd z Im\n(z — Zi(t))z'j,(t)d z Im \n(z — z'j,(t)) 
+dzd z Im\n(z — Zi(t))z-,(t)d z Im \n(z — z'-,{t)) 
+dzd z Im\n(z - z i {t))z' jl {t)d z Im \n(z - z' jf {t))} (B - 10) 

We would like to discuss the eight group terms of eq. (B-10) term by term. If we 
take the derivatives to the imaginary part of the In function, any of the first group 
term of eq. (B-10) would be proportional to 

- dz- —4 -— — t- = (5-11) 

r (z - z (t))(z - z'M)) 1 ; 
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where we have utilized the fact that, as what we have assumed, x^-(t), x^,(t) always 
stay inside the T. With the similar arguments, we can show easily that the second, 
fifth and sixth group terms are also equal to zero. If we take a partial integration 
with respect to dzd z for any of the third group term of eq. (B-10), it would transform 
into a form proportional to 

<j> Im\n(z — ^(t))^-,(t)<92<9 2 imln(z — z'-,{t)) 

= j> dzlm\n(z - ^.(t))^(t)(-i7r)5 2 (x - x£.,(f)) (B - 12) 

where we have made use of the identities 

{d z dz — dzdz)Im\n(z — Zj>(t)) = —2ni5 2 (x. — x 3 -/(i)), 

(d z dz + dzd z )Im\n(z — Zf{t)) = 0. 

Since Xj/(i)'s stay always inside the Y while x is in the T, the <5 2 (x — x^-(t)) in eq. 
(B-12) should always take the value zero. As a result the third group term of eq. 
(B-10) has only zero contribution. By applying the similar arguments, we may show 
also that the fourth, seventh and eighth group terms of eq. (B-10) do not contribute 
too. 

Consequently, in the weak coupling limit we have shown in this appendix that 
eq. (B-l), i.e., eq. (5-28) can be simplified into a form as eq. (5-29) 

lr[0 s s urf ] = ^j dt i dl i- n « ^ >HCHr"'i + v D (n a e aP d^f} (B - 13) 

which indeed decoupled form the 0' s surf right on the filling of the second hierarchical 
level. 
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